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in﻿ constructing﻿multivariate﻿ distributions﻿ and﻿ survey﻿ dependency﻿ structures.﻿One﻿ of﻿ the﻿main﻿
advantages﻿of﻿the﻿copula﻿function﻿is﻿to﻿separate﻿dependency﻿structure﻿from﻿marginal﻿distributions.﻿
Moreover,﻿ by﻿ using﻿ copula﻿ function,﻿ some﻿ quantities﻿ such﻿ as﻿ tail﻿ dependency﻿which﻿ is﻿ the﻿
dependency﻿between﻿extreme﻿values﻿of﻿the﻿variables,﻿can﻿be﻿obtained.﻿A﻿more﻿flexible﻿multivariate﻿
copula﻿known﻿as﻿the﻿vine﻿copula﻿model﻿has﻿been﻿recently﻿developed﻿(Bedford﻿et﻿al.,﻿2016)﻿for﻿
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THe PROPOSed APPROXIMATION MeTHOd









































assessment﻿ of﻿ conditional﻿ independence﻿ at﻿%5﻿ significance﻿ level﻿ by﻿ the﻿PC﻿ algorithm﻿ assumes﻿
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on﻿estimates﻿ ˆτ of﻿Kendall’s﻿ τ ﻿variable﻿1,5﻿( τ ﻿=﻿0.209),﻿variable﻿1,3﻿( τ ﻿=﻿0.197),﻿and﻿variable﻿1,2﻿
( τ ﻿=﻿0.127),﻿respectively.﻿Similar﻿rule﻿can﻿be﻿applied﻿for﻿variables﻿3(IBrX)﻿and﻿its﻿parents﻿(2(IMA)﻿
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entropy﻿copulas﻿for﻿unconditional﻿copula﻿c c c c
15 46 34 45
, , , .﻿Subsequently,﻿it﻿is﻿imperative﻿to﻿establish﻿
the﻿bases﻿ that﻿ should﻿be﻿ selected﻿and﻿ the﻿number﻿of﻿discretization﻿points﻿ in﻿each﻿case.﻿We﻿have﻿
outlined﻿ the﻿ approach﻿ for﻿ the﻿unconditional﻿ copula﻿ c
15






Figure 1. The DAG structure for Brazilian market investor’s daily log returns; the structure has six dimensions and the log returns 
are occurring in the same period of time
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OPS﻿basis﻿function﻿constructed﻿using﻿Gram-Schmidt﻿process:
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∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ ( )1 1 1 2 2 1 1 3 3 1. . , . . , . . , . . , . . , ﻿
 . . , . . , . . , . . , . .∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ (2 2 2 3 3 2 1 4 4 1 ), ﻿
 . . , . . , . . , . . , . .∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ ( ) ∅ ( )∅ (1 5 5 1 2 4 4 2 3 3 ) …, ﻿
where﻿the﻿general﻿form﻿of﻿∅ ( )1 . ﻿is﻿given﻿by:
∅ ( )0 u =﻿1,﻿∅ ( ) = ( )1 2 2u u cos pi ,﻿∅ ( ) = ( )2 2 2u u sin pi ,﻿
∅ ( ) = ( )3 2 4u u cos pi ,﻿∅ ( ) = ( )4 2 4u u sin pi ,﻿
∅ ( ) = ( )5 2 6u u cos pi ,﻿∅ ( ) = ( )6 2 6u u sin pi ,﻿
Following﻿ the﻿ explanations﻿ to﻿ select﻿ basis﻿ function﻿ in﻿ an﻿optimal﻿manner,﻿we﻿ add﻿ the﻿basis﻿
functions﻿by﻿using﻿stepwise﻿method﻿outlined﻿in﻿Daneshkhah﻿et﻿al.﻿(2012).﻿In﻿this﻿method,﻿at﻿each﻿
phase,﻿log-likelihood﻿of﻿adding﻿each﻿additional﻿basis﻿function﻿is﻿assessed.﻿Subsequently,﻿function﻿
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to﻿continuous﻿copula﻿with﻿ the﻿expense﻿of﻿more﻿computation﻿time.﻿Similarly,﻿ in﻿our﻿scenario,﻿ the﻿
approximation﻿ becomes﻿more﻿ precise,﻿ if﻿we﻿ run﻿ the﻿ D AD
1 2
﻿ algorithm﻿with﻿ further﻿ iterations,﻿
nevertheless,﻿this﻿would﻿consume﻿more﻿computational﻿resources﻿including﻿time.﻿Therefore,﻿it﻿could﻿
be﻿concluded﻿that﻿the﻿number﻿of﻿iterations﻿will﻿depend﻿on﻿the﻿grid﻿size.﻿We﻿consider﻿the﻿approximation﻿









































Table 1. The minimally informative copula given moment constraints for OP, OPS, and OFS bases between 1 and 5
Method Base α α α α1 2 3 4, , ,( ) λ λ λ λ1 2 3 4, , ,( ) L
PS (ψ ψ ψ ψ ψ ψ ψ ψ
1 1 2 1 5 5 1 2
, , , ) (0.27,﻿0.18,﻿0.04,﻿0.19)
(14.2,﻿-7.9,﻿3.5,﻿
-4.1) 93.49
OPS ( , , , )ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ







,﻿∅ ∅ ∅ ∅ ∅ ∅
1 1 3 2 3 4
, , ) (0.16,﻿0.08,﻿0.07,﻿0.07)
(0.16,﻿0.08,﻿0.07,﻿
0.04) 37.76
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Figure 2. The minimally informative copula given moment constraints between variable 1 and 5; Panel (a): PS basis, Panel (b): 
OPS basis, and Panel (c): OFS basis
Table 2. The minimally informative copula given moment constraints for C46, C34, and C45
Method Base α α α α1 2 3 4, , ,( ) λ λ λ λ1 2 3 4, , ,( ) L
PS
PS:(ψ ψ ψ ψ ψ ψ ψ ψ
1 1 5 5 5 1 1 4
, , , )
OPS:( , , , )ϕ ϕ ϕ ϕ ϕ ϕ ϕ ϕ
1 1 2 2 4 2 5 5
OFS:﻿(∅ ∅
2 2
,﻿∅ ∅ ∅ ∅ ∅ ∅
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The﻿ log-likelihood﻿of﻿ the﻿overall﻿Non-Gaussian﻿PCCDAG﻿model﻿using﻿ the﻿PS,﻿OPS﻿and﻿
OFS﻿bases,﻿derived﻿by﻿adding﻿the﻿log-likelihoods﻿of﻿the﻿copulas﻿constructed﻿above,﻿are﻿2390.44,﻿









Figure 3. The minimally informative copula given moment constraints, Panel (a):C46 for PS basis, Panel (b):C46 for OPS basis, 
Panel (c):C46 for OFS basis, Panel (d):C34 for PS basis, Panel (e):C34 for OPS basis, Panel (f):C34 for OFS basis, Panel (g):C45 
for PS basis, Panel (h):C45 for OPS basis, and Panel (i):C45 for OFS basis
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Table 3. Comparison between different models
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